Abstract. Define an arithmetic variety to be the quotient of a bounded symmetric domain by an arithmetic group. An arithmetic variety is algebraic, and the theorem in question states that when one applies an automorphism of the field of complex numbers to the coefficients of an arithmetic variety the resulting variety is again arithmetic.
Let X be a nonsingular algebraic variety over C whose universal covering manifold X is a symmetric Hermitian domain (i.e., a symmetric Hermitian space without Euclidean or compact factors). Then the group Aut( X) of automorphisms of X (as a complex manifold) has only finitely many connected components, and its identity component Aut ( X) + is a real semisimple Lie groups with no compact factors. The variety X will be said to be arithmetic if the group Γ of covering transformations of X over X is torsion-free and is an arithmetic subgroup of Aut( X) in the sense that there is a linear algebraic group G over Q and a surjective homomorphism f : G(R) + → Aut(X) + with compact kernel carrying G(Z) ∩ G(R) + into a group commensurable with Γ.
The theorem in question is the following:
Theorem 0.1. If X is an arithmetic variety, then, for all automorphisms σ of C, σX is also an arithmetic variety.
The result was first stated, with some indications of a proof, by Kazhdan in his talk at the Nice Congress in 1970 , but, in fact, it is only recently 1 that the proof has been completed.
2
In the case that X is compact, a detailed proof of (0.1) was given by Kazhdan in his talk at the Budapest conference in 1971 (Kazhdan 1975) . There is now an alternative approach to this case of the theorem: roughly speaking, the first part of Kazhdan's paper, where the nondegeneracy of the Bergmann metric on the universal covering manifold of σX is established, can be replaced by an appeal to Yau's theorem on the existence of Kähler-Einstein metrics; the second, group-theoretic part, of the paper can be replaced by an appeal to the general results of Margulis (see (2.7) below).
Let X ′ → X be a finiteétale morphism. If X is arithmetic, then clearly so also is X ′ , and the converse assertion is true provided the fundamental group of X is torsion-free. From this it follows that it suffices to prove (0.1) under the hypothesis: (0.2) There exists an almost Q-simple, simply connected algebraic group G over Q, a surjective homomorphism f : G(R) → Aut( X)
+ with compact kernel, and a congruence subgroup Γ ⊂ G(Q) such that X is equal to f (Γ)\ X with its unique algebraic structure.
The group G will then be of the form G = Res F/Q G ′ with G ′ an absolutely almostsimple group over a totally real number field F . The type of G R (A, B, C, D R , D H , mixed type (D R , D H ), E 6 , E 7 ; cf. Deligne 1979) will be called the type of X.
If X is as in (0.2) and of type A, B, C, D R , or D H , then it is a moduli variety for a class of abelian varieties with a family of Hodge cycles and a level structure-see for example (Milne and Shih 1982, §2) . (In the case D H one should assume that the image of Γ in G ad (Q) is a congruence subgroup there.) For any automorphism σ of C, the conjugate variety σX will be a moduli variety for the conjugate class of abelian varieties with extra structure, and so is again an arithmetic variety. Thus (0.1) is true for arithmetic varieties of these types. (Note that this argument makes use of Deligne's theorem ) that a Hodge cycle on an abelian variety is absolutely Hodge. Kazhdan (1983) proves the following result:
let X be as in (0.2), noncompact, and of type E 6 , E 7 , or mixed type (D R , D H ); then, if one assumes a certain result in the theory of group representations (Conjecture 3.17 below), (0.1) is true for X.
A weak form of (3.17), sufficient for the purpose of proving (0.1), has recently been established by L. Clozel.
3 Thus this last result of Kazhdan, together with the proofs for compact varieties and moduli varieties, suffices to prove (0.1).
For his proof in these last cases, Kazhdan shows, case-by-case, that X contains an arithmetic subvariety X ′ associated with a subgroup G ′ of G such that
where X * is the canonical (Baily-Borel) compactification of X. Because (0.1) is known for curves (they are all of type A 1 ), in proving (0.1) for X he can assume by induction on the dimension that it holds for X ′ .
In these notes, I modify Kazhdan's arguments to give a uniform proof that (0.1) holds for all X (satisfying (0.2)) such that (0.3a) codim(X * − X) ≥ 3; (0.3b) G ′ contains a maximal torus T ′ that splits over an imaginary quadratic extension of F and is such that T ′ (R) is compact.
The proof does not use the classification and avoids treating the compact varieties separately, but it does assume (0.1) for the case of arithmetic varieties of type A 1 (for these varieties it is easily proved using moduli varieties). It also, of course, makes use of Clozel's result. Let X satisfy (0.2). A construction of Piatetsky-Shapiro and Borovoi allows one to embed X into an arithmetic variety X ′ satisfying also (0.3). I do not know whether it is possible to prove directly that (0.1) for X ′ implies (0.1) for X, but in any case one has the implications: (0.1) for all arithmetic varieties satisfying (0.2) and (0.3) =⇒ Langlands's conjecture (Langlands 1979, p232-33) for all Shimura varieties =⇒ (0.1) for all arithmetic varieties. See Milne 1983 or Borovoi ...
The first section of these notes contains generalities on arithmetic varieties. Also a group Q is defined that will play the role of G(Q)/Z(Q) for the conjugate variety σX. Criteria are given in §2 for a variety to be arithmetic; in conjunction with Yau's theorem, they suffice to show that σX is arithmetic in the case that X is compact. In §3 Clozel's result is used to show that the Bergmann volume form on a certain covering manifold of σX is not identically zero. In the next section, the subbundles of the tangent bundle on X are studied and, finally, in §5 the main theorem is proved.
1. Generalities on arithmetic varieties; definition of X σ and Q Let G be a simply connected semisimple algebraic group over Q, and let X be a symmetric Hermitian domain on which G(R) acts in such a way that X ∼ = G(R)/(maximal compact subgroup). We always assume that G has no Q-factor that is anisotropic over R. For any compact open subgroup K of G(A f ), K ∩ G(Q) is a congruence subgroup of G(Q), and we let Γ = Γ(K) be its image in G ad (Q). Clearly Γ(K) = Γ(K ·Z(Q)), where Z = Z(G), and so we can always assume that K ⊃ Z(Q). Let X K , or X Γ , denote Γ(K)\ X regarded as an algebraic variety. The strong approximation theorem shows that G(Q) is dense in G(A f ), and it follows that
The actions on the right hand term are
Let S denote the set of compact open subgroups K of G(A f ) containing Z(Q) and such that Γ(K) is torsion-free. The groups Γ(K), K ∈ S, have the following properties:
We shall often identify the elements of S with their images in
Consider the projective system (X K ) K∈S of algebraic varieties. There is a left action of G(A f ) on this system:
Let X = lim ← − X K -this is an irreducible scheme over C (not of finite-type!).
Lemma 1.1. There natural bijections (of sets)
Proof. Only the middle bijection requires proof. Recall the following result (Bourbaki 1989, III 7. 2): consider a projective system (G α ) of topologicaly groups acting continuously and compatibly on a topological space S; then the canonical map S/ lim ← − G α → lim ← − (S/G α ) is bijective if (a) the isotropy group in G α of each s ∈ S is compact, and (b) the orbit G α s of each s ∈ S is compact.
Apply this with S = G(Q)\ X × G(A f ) and (G α ) = (K). Then (a) holds because each isotropy group is Z(Q), and (b) holds because K is compact. As lim ← − K = ∩K = 1, we have that
The knowledge of X with this action is equivalent to the knowledge of the projective system (X K ) together with the action of G(A f ) on it; in particular, X K = K\ X. We shall sometimes use X to denote the projective system (X K ) rather than its limit. Note that the action of
There is an action of G ad (Q) + on X:
The actions of G(Q) on X defined by the maps
Let (X α ) be a projective system of smooth complex algebraic varieties such that the transition maps X β → X α , β ≥ α, areétale. Then X = df lim ← − X α has a canonical structure as a complex manifold: a basis for the atlas on X is formed by the pairs (U, ϕ) for which there exists an α such that the projection p α : X → X α is injective on U and (p α (U), ϕ•p −1 α ) is an open chart for X α . We write X an for X with this structure. Note that the topology on X an is, in general, strictly finer than the projective limit of the topologies on the X an α . (However, the Zariski topology on X is the projective limit of the Zariski topologies on the X α .)
In the situation considered above, if G(A f ) is given the discrete topology, then
Note that the map
is injective (because ∩Γ(K) = {1}), and is an isomorphism of X (as a complex manifold) onto a connected component of X an . We shall use the following notations for the maps:
Now fix an automorphism σ of C. The discussion above shows that there is a canonical structure of a complex manifold on σ X. Choose a connected component X σ of (σ X) an , and let p σ and p σ K be the inclusion X σ ֒→ (σ X) an and the composite (σq K ) an • p σ respectively: thus
The group G(A f ) continues to act on σ X, and this action is compatible with the complex structure on (σ X) an . Define Q ⊂ G(A f )/Z(Q) to be the stabilizer of X σ . Note that X σ → σX an is a local isomorphism. Let x ∈ X σ , and let M be the universal covering manifold of σX an . For any m ∈ M, there is a unique map M → σ X such that m maps to x and the composites M → σ X → σX an K ′ are all analytic. Clearly, M → σ X is analytic, and so its image is contained in X σ . This shows that X σ → X an is surjective and that X σ is a covering manifold of X an . In particular, X σ is Zariski dense in σ X, and so the action of Q on X σ is effective.
an . By what we have just proved, there exists an x ∈ X σ such that x and x have the same image in σX
Proof. For any g ∈ G(A f ), g X σ is a connected component of σ X an , and so the lemma shows there exists a k in K such that kg X σ = X σ . By definition, kg ∈ Q, and therefore g ∈ k −1 Q ⊂ KQ.
is an isomorphism of complex manifolds (G(A f ) with the discrete topology).
(b) For every K, the map
is an isomorphism of complex manifolds.
Proof.
(a) The lemma shows that X σ × G(A f ) → σ X an is surjective, and it is obvious that the fibres of the map are the orbits of Q.
(b) As σX K = K\σ X, it follows from (a) that there is an isomorphism
The preceding proposition can be used to show that
We write Γ σ (K) for Q ∩ K. Thus, the proposition shows that
Proposition 1.6. For any K ∈ S, Q is contained in the commensurability group of Γ σ (K).
Proof. Let g ∈ Q; we have to show that gΓ
gives rise to a similar diagram
Remark 1.7. It follows from (1.3) that G(A f ) acts transitively on the space of connected components of (σ X)
an . Thus every connected component is of the form g X σ , g ∈ G(A f ), and has a stabilizer that is conjugate to Q.
Proposition 1.8. Let Z be a nonempty Q-invariant subset of X σ . Assume that Z is a complex analytic subset of an open submanifold of X σ and that p σ K (Z) is an algebraic subvariety of σX K for some K in S; then Z = X σ .
Proof. The hypotheses imply that
X K is independent of K, and we shall write it dim(∂X). Narasimhan 1966, p. 67) and is Q-invariant. Therefore, we can assume that p. 123) shows that the closureZ ′ of Z in X * K is analytic, and Chow's theorem (loc. cit., p. 125) shows thatZ ′ is algebraic. ThereforeZ ′ ∩ X K = Z ′ is algebraic, and the proposition applies.
A point x ∈ X is said to be special if there exists a torus T ⊂ G such that T C is maximal and T (R) x = x. Proposition 1.10. Let x ∈ X be special, and let x σ ∈ X σ be any point such that
Then there exists a homomorphism j : T (Q) → Q such that j(T (Q)) fixes x and α commutes with the actions of T (Q) on the two tangent spaces. The closure of j(T (Q)) in Aut(T x σ ( X σ )) for the real topology contains an element inducing multiplication by √ −1.
In particular, gtg −1 maps one point of X σ into X σ and so stabilizes X σ . Thus gtg −1 ∈ Q, and we can define j(t) = gtg −1 . By construction, j(t) fixes x σ , and it is routine to check that α carries the action of t on
• dσ • dp K ; the actions of t on X, X K , and σX K commute with p K , σ, and p σ K , and the action of t on X σ is transformed by g : X σ → X σ into the action of gtg −1 ). To prove the last assertion of the proposition, we need a lemma.
Lemma 1.11. Let T be a torus over Q. For each automorphism σ of C, there is a unique automorphism
Proof. There is an isomorphism
and we define t → t σ on T (C) to correspond to the map on Hom(X
, and t → t σ is the unique map with this property. The continuity is obvious. If T (R) is compact, it is the unique maximal compact subgroup of T (C), and so it is preserved by t → t σ . For
Proof (of 1.10 continued): The σ-linear map α :
where ρ x and ρ x σ denote the representations of G and Q on the tangent spaces at x and x σ . Clearly, (σρ x )(t) = ρ x (t σ ), and so
. It is known (see, for example, Helgason 1962, VIII 4.5 ) that there is a γ in T (R) acting as √ −1 on T x ( X); therefore,
2. A criterion to be an arithmetic variety.
Let (M, g) be an oriented Riemannian manifold. There is a unique volume element µ on M having value 1 on any orthonormal frame. In local coordinates
Let ∇ be the connection defined by g. The curvature tensor is defined by
In terms of local coordinates,
The Ricci tensor r(X, Y ) is determined in local coordinates by
Assume further that M is a complex manifold, with multiplication by √ −1 being described by the tensor J. Then g is said to be Hermitian if g(JX, JY ) = g(X, Y ), all X, Y . In this case
is a positive-definite Hermitian form. The form Φ(X, Y ) = g(X, JY ) is skewsymmetric. It is called the fundamental 2-form of the Hermitian metric h, and if it is closed, h is said to be Kählerian.
Lemma 2.1. Let M be a connected complex manifold of dimension n with Kählerian Riemannian structure g. If the associated volume element is described in terms of local coordinates by
then the Ricci tensor is described by
is a volume element on a complex manifold, then the tensor defined by (2.1.1) will be called the Ricci tensor, Ric(µ), of µ.
Lemma 2.2. Let M be a connected complex manifold on which a group G acts transitively, and let µ be a G-invariant volume element on M such that g = Ric(µ) is positive definite (and therefore is a Riemannian metric). Then g is equal to its Ricci tensor (and therefore is an Einstein metric).
Proof. Let µ ′ be the volume form associated with g. Then µ ′ = f µ for some positive function f on M. As µ is G-invariant, so also are g, µ ′ , and f . Therefore, f is constant, and so the Ricci tensor of g is Ric(f µ) = Ric(µ) = g. Theorem 2.3. Let M be a connected complex manifold on which a unimodular Lie group G acts effectively and transitively. Assume there is a G-invariant volume element µ on M such that Ric(µ) is positive definite. Then M is a Hermitian symmetric domain, and
Proof. This is proved in Koszul 1959, p. 61 . Alternatively, one can combine the following results:
A complex homogeneous manifold with an invariant volume form whose Ricci tensor is positive definite is isomorphic to a homogeneous bounded domain (Piatetski-Shapiro 1969, p. 48).
A connected unimodular Lie group acting effectively and transitively on a bounded domain is semisimple (Hano 1957) .
A bounded domain admitting a transitive semisimple group of automorphisms is symmetric (Borel 1954; Koszul 1955 ).
Theorem 2.4. Let M be a connected complex manifold, and endow Aut(M) with the compact-open topology. Let Γ ⊂ Q be subgroups of Aut(M) with Γ discrete and torsion free, and assume that an orbit of Q in M is dense. Assume also that there is a Q-invariant volume form µ on M such that
Then M is a Hermitian symmetric domain, and the closureQ of Q in Aut(M) is a semisimple Lie group whose identity component is Aut(M) + . If moreover Q is contained in the commensurability group of Γ inQ, then Γ is arithmetic and so Γ\M is an arithmetic variety.
Proof. Let g = Ric(µ). By assumption, (M, g) is a Riemannian manifold, and so the group Is(M, g) of its isometries is a Lie group (Kobayashi 1972 , II Theorem 1.1). As µ is Q-invariant, Q is contained in Is(M, g) . Clearly, G =Q.
Lemma 2.5. Let (M, g) be a Riemannian manifold. Then, for all m ∈ M, the map Is(M, g) → M, α → αm, is proper. . 178) ; thus G + also acts transitively on M. The isotropy group K at the point m is compact. Thus the fact that M = G + /K carries a G + -invariant measure such that Γ\M has finite volume implies that G + carries a left invariant measure relative to which Γ ∩ G + \G + has finite volume. Hence Γ ∩ G + is a lattice in G + , and so G is unimodular (the image of the modulus function ∆ G in R >0 is a subgroup with finite measure, and so is {1} -see Raghunathan 1972, 1.9) . The preceding theorem now shows that M is a Hermitian symmetric domain and
The final statement of the theorem is a consequence of the following theorem of Margulis (Margulis 1977 , Theorem 9):
Let G be a semisimple connected Lie group with no compact factors, and let Γ be a lattice in G; if the commensurability group of Γ in G is dense in G, then Γ is an arithmetic subgroup of G .
Remark. In the statement of the theorem just applied, Margulis assumes that Γ is irreducible, but this is unnecessary. If Γ is reducible, then there exist connected normal subgroups
is an irreducible lattice in G i , and Γ i is a subgroup of finite index in Γ. Clearly, the commensurability group of Γ in G is the product of the commensurability groups of the Γ i : Comm(Γ) = Comm(Γ i ). Thus, if Comm(Γ) is dense in G, each group Comm(Γ i ) is dense in G i , and Margulis's statement can be applied to show that each Γ i is arithmetic.
Corollary 2.6. Let X be an arithmetic variety as in §1, and suppose that there exists a Q-invariant volume element µ on X σ satisfying the conditions (2.4a) and (2.4b). Assume that there exists a finite family of arithmetic subvarieties i α : X α ֒→ X such that for some special point x ∈ X, x α = df i −1 α (x) is special in X α , all α. If each σX α is arithmetic, and the subspace of T x (X) generated by the T xα (X α ) has dimension > dim(∂X), then σX is arithmetic.
Proof. Let g = Ric(µ), and let M be the closure of the orbit Q x for some x ∈ X σ lifting x. Then (M, g) is a Riemannian manifold, and the closureQ of Q in Is(M, g) acts transitively on M (by 2.5). Since q → q x,Q → X σ , is a proper map, it is an embedding and M is a regular closed submanifold of X σ . By (1.10), M has aQ-invariant complex structure -it is therefore a complex analytic subset of X σ . Since it contains σ X α for each α, it has dimension > dim(∂X), and so (1.9) shows that M = X σ . Now (2.4) can be applied.
Remark 2.7. It is now possible to complete the proof of Theorem 0.1 in the case that X is compact. In this case, dim(∂X) = −1 and so the map x ֒→ X will serve for the family (X α ֒→ X). Recall the following theorem of Yau (1978) : let V be a smooth projective algebraic variety over C; then there exists a unique Kähler metric on V an such that Ric(g) = g.
Apply this to σX and let µ be the inverse image on X σ of the volume element associated with g. The uniqueness of g shows that µ is invariant under all automorphisms of X σ . Since Ric(µ) = g, it satisfies (a), and it satisfies (b) because X is compact. Thus (2.5) applies.
In the remainder of this section, we shall show that the condition (2.4b) is automatically satisfied in the context of (2.6).
A complex manifold M will be said to be compactifiable if it can be embedded as an open dense subset of a compact analytic spaceM in such a way thatM M is an analytic subset. Hironaka's theorem (Hironaka 1964 ) then shows thatM can be chosen to be a manifold such thatM M is a divisor with normal crossings. Clearly, if M = V an with V a quasi-projective algebraic variety, then M is compactifiable (in fact, not even quasi-projectivity is necessary).
Proposition 2.8. Let M be a compactifiable manifold of dimension n, and let µ be a volume form on M such that
Ric(µ) is positive-definite and Ric(µ)
n ≥ µ (2.8.1)
Lemma 2.9. For δ < 1,
Remark 2.10. Let Proof. If r = n, this is precisely Ahlfors's lemma (Griffiths 1976, 2.21) . Consider the covering map
Then ϕ * (µ) satisfies (2.8.1), and so ϕ
Lemma 2.12. Let U = D (1) n and let
Proof of 2.8. Embed M in a compact manifoldM in such a way that N = df M M is a divisor with normal crossings. Then there is a finite family of open subsets U i ofM such that N ⊂ ∪U i and, for each i, the pair (
r satisfying (2.12). Then the complement C of ∪V i inM is compact, and it is contained in M. Thus
Corollary 2.13. Let X be an arithmetic variety (as in §1), and let U be an open dense Q-invariant submanifold of X σ such that X σ U is an analytic subset of X σ . Assume that there is a Q-invariant volume element on U such that Ric(µ) > 0. Suppose further that there exists a finite family of arithmetic subvarieties i α : X α ֒→ X such that, for some special point x of X such that σx is in the image of U → σX, i −1 α (x) is special in X α for all α. If each σX α is arithmetic, and the subspaces T xα (X α ) of T x (X) generate it, then σX is arithmetic.
Proof. Let x ∈ U map to σx ∈ σX, and let g = Ric(µ) -it is a Riemannian metric on U. Define M to be the closure in U of the orbit Q x. As in the proof of (2.6), M =Q x, whereQ is the closure of Q in Is(M, g), and it is a complex analytic subset of U. As it contains the X α for each α, it also open in U, and so M = U.
We know µ on M satisfies condition (2.4a), and we now check that it satisfies (2.4b). Suppose Ric(µ) n = cµ at some point of X σ . Then c > 0, and becauseQ acts transitively on M and µ isQ-invariant, we must have Ric(µ) n = cµ holding on all of M. Since Ric(cµ) = Ric(µ), this shows that cµ satisfies the estimates (2.8.1). Therefore, so also does the volume element induced by cµ on Γ σ \M, and so Proposition 2.8 implies that Γ σ \M cµ < ∞.
We can now apply (2.4) to M, Q, Γ, and we find that Γ\M is an arithmetic variety. In particular, it is an open algebraic subvariety of σX, and so (1.8) implies that M = X σ . We conclude that σX = Γ\M, and so it is an arithmetic variety.
The Bergmann metric on X σ
Let M be a complex manifold of dimension n, and let
is a separable Hilbert space with inner product
Let ω 0 , ω 1 , . . . be an orthonormal basis for H(M), and let
This is a nonnegative C ∞ 2n-form on M, called the Bergmann volume form. When it has no zeros it is a volume element. Note that
(d) If M 1 and M 2 are complex manifolds of dimensions n 1 and n 2 , then
Proof. Kobayashi 1959, 2.1, 2.2, 2.3, 2.4, 2.5.
Consider the condition:
(3.2) for every m ∈ M, there exists an ω ∈ H(M) such that ω(m) = 0.
When this condition holds, µ M is a volume element, and we let h M = Ric(µ M ) be the associated Hermitian tensor. Consider the condition: Remark 3.6. Let X be an arithmetic variety, and assume that there exists a family (X α ֒→ X) as in (2.6). Then it follows from (2.6) and (2.12) that σX is an arithmetic variety if the Bergmann Hermitian form on X σ is a metric; conversely, if σX is an arithmetic variety, then X σ is a bounded domain and so Bergmann's original theorem says that it has a nondegenerate Bergmann metric.
The main result of this section is a first step toward proving that X σ has a nondegenerate Bergmann metric. The proof is based on the following elementary result.
Proof. The Bergmann metric on D(1) is the Poincaré metric, and so from (3.1c) and (2.9) we find that
As x − 1 > log x for all x > 1, we see that
from which the lemma is obvious. 
.
Proof. The fundamental group of U ′ is Z n−r , and so everyétale covering of it is of the form
The proof is too messy to write out in detail. Consider for example the case n = 2,
and so one only has to arrange things so that
Proof. (of 3.8). Embed M in a compact manifoldM in such a way thatM M is a divisor with normal crossings. Then there is a finite family of open subsets (U i ) 1≤i≤s ofM such thatM M ⊂ ∪U i and, for each i, the pair (
in the sublemma, for ε/s. Then the complement of U = df ∪V i onM is compact, and it is contained in M. Moreover, for anyétale covering ϕ : N → M,
The next result gives a criterion for showing H( M ) is nonzero.
Proposition 3.12. Let M be a compactifiable manifold of dimension n, and let p : M → M be an infinite Galois covering with Galois group Γ. Assume there is a sequence of normal subgroups of finite index in Γ,
such that ∩Γ i = {1}.
Remark 3.13. In general, if ϕ : Y → X is anétale covering, one can show that
In the situation of the proposition, one has trivial estimates
with h i = (Γ : Γ i ) in the case that M is a trivial covering of M.
Proof. (of 3.12). As the Bergmann volume form µ
According to (3.8), there exists an open subset U = U 1 with compact complement, C = M U, such that
and that
This proves both (a) and (b).
Now assume that the sequence h i /(Γ : Γ i ) does not tend to zero. By passing to a subsequence, we can in fact assume that for some a > 0, h i /(Γ : Γ i ) ≥ a all i. Choose U ⊂ M as in (3.8) with ε = a/2, and let C = M U; then
, and so, on C, µ i ≤ ν.
Lemma 3.14. There exists an x 0 ∈ C such that a subsequence of (µ i /ν)(x 0 ) converges to some b > 0.
Proof. Suppose sup x∈C ((µ i /ν)(x)) → 0; then C µ i → 0, which contradicts the assertion above that C µ i = a/2. Hence the sequence sup((µ i /ν)(x)) does not tend to zero, and so we can choose a subsequence of i's for which sup
Now take a subsequence of the x i converging to a limit x 0 . Then clearly, (µ i /ν)(x 0 ) → b. Proof. Choose a Riemannian metric ρ on M, and let ρ be the metric it induces on X σ . Define
Check that these sets have the right property (cf. Kazhdan 1975, p. 167) .
We now prove (c) of the proposition. Let x 0 be as in (3.4), and let x 0 ∈ M map to it. Then, from (3.1a) we know that there exists an ω i ∈ H(M i ) such that (ω i |ω i ) = 1 and
Lemma 3.16. There exists a compact neighbourhood U of x 0 such that for some
Proof. Obvious from (3.14) and (3.15.1). (Cf. Kazhdan 1983, p. 153.) . Now let H be the Hilbert space of measurable square-integrable sections η of Ω
As (η i |η i ) = 1, there exists a weakly convergent subsequence of the η i tending to η ∈ H. Now η is holomorphic on ∪N i = M , and U η ∧η > c/2, and so η = 0. Thus
Conjecture 3.17. LetḠ be a semisimple real Lie group, Γ an arithmetic subgroup ofḠ, and
a sequence of normal subgroups of Γ of finite index such that ∩Γ i = {1}. Let W be an irreducible cuspidal representation ofḠ and define
In Kazhdan 1983, p. 156, Kazhdan calls this "Theorem A, which we will prove in another paper". At present the statement still seems to be unproven, but Clozel has recently shown the following weaker result which is sufficient for our purposes:
Let G be a simply connected semisimple algebraic group over Q, and let p 0 be a prime such that G(Q p 0 ) has a supercuspidal representation π p 0 (e.g., take p 0 to be any prime such that G is split over Q p 0 ); let
Then, for any irreducible cuspidal representation W of G(R), there exists a constant a > 0 such that
Now return to the situation in the statement of (3.7). Then W = df H( X) is in a natural way a cuspidal representation of G(R).
Lemma 3.18. There is an isomorphism
Proof. Well known -see Kazhdan 1983, p. 156-157. Lemma 3.19. The dimensions of H(X) and H(σX) are equal.
Proof. LetX be a smooth variety containing X as a dense open subvariety. Then (3.1c) shows that H(X) ≈ → H(X), and H(X) = Γ(X, Ω 1 X,alg ). The lemma is now obvious.
We are now ready to prove (3.7). Choose a family K i satisfying the conditions of Clozel's theorem. Then the theorem and (3.19) show that for some a > 0, dim and (3.12) implies that H( X σ ) = 0.
Subbundles of T ( X)
Let G be a simply connected semisimple algebraic group over Q, and let X be a symmetric Hermitian domain on which G(R) acts in such a way that
Choose a point x = (x 1 , . . . , x s ) ∈ X. Then
Lemma 4.1. Every G(Q)-stable complex subbundle of T ( X) is of the form T I ( X) for some I ⊂ {1, . . . , s}.
Proof. Let W be such a subbundle. As G(Q) is dense in G(R) (real approximation theorem) and G(R) acts transitively on X, it will suffice to show that W x = T I ( X) x , some I, for a fixed x ∈ X. Let K x be the isotropy group at x. Then W x is a K x -stable subspace of T ( X) x = ⊕T (X i ) x i . With the usual notations, let
Note that W x is a k-stable subspace of p. Almost by definition of what it means for X i to be irreducible (Helgason 1962, VIII.5, p. 377) , the action of k i on p i is irreducible. Thus W x = ⊕ i∈I , some I.
Lemma 4.2. Let G be a simply connected, almost simple, algebraic group over a number field F . Let S ∞ be the set of infinite primes of F , and let v ∈ S ∞ be such that
Let µ be the Bergmann volume form on X σ , and let Z 0 be the set on which µ is zero. As we saw in §3, Z 0 is a proper subset of X σ . Clearly, it a complex analytic subset and is Q-invariant. The complement U 0 of Z 0 in X σ is also Q-invariant, and (see 3.5) there is a map γ : U 0 → P(H( X σ ) ∨ ) such that the Bergmann Hermitian form on U 0 is the inverse image of the canonical metric on P(H( X σ ) ∨ ). Note that Q acts on P(H( X σ ) ∨ ) through its action on X σ , and that γ is a Q-equivariant map. 5 Define
and Z = Z 0 ∪ Z 1 -this is again a Q-invariant complex analytic subset of X σ not equal to X σ , and so (1.9) shows that codim( Z) ≥ codim(∂X) ≥ 3. The complement
Because it has constant rank, W is a subbundle of T ( U ). It is Q-invariant.
As in §4, let X = X 1 ×· · ·×X s , and, for each I ⊂ {1, . . . , s} define T I ( X) ⊂ T ( X) and T I (X) ⊂ T (X). Recall the following result: letV be a complete algebraic variety over C, and let V be a nonsingular subvariety such thatV V has codimension ≥ 3; then F → F an induces an equivalence between the category of coherent locally free algebraic sheaves on V and that of coherent locally free analytic sheaves on V an (see, for example, Hartshorne 1970, p. 222-223) . Thus T I (X) is an algebraic subbundle of T (X), and σT
Proof. Since both U and W are Q-invariant and Γ σ ⊂ Q, we can pass to the quotient and obtain U = Γ σ \ U ⊂ σX and W = Γ σ \ W a subbundle of T (U). As codim(σX * U) ≥ 3, the result recalled above shows that W is an algebraic subbundle of T (U). Let j be the inclusion U ֒→ σX. Regard W as a sheaf on U, and form j * W -this is a coherent algebraic sheaf on σX. Let Y be the subset of σX where j * W is not locally free. Then Y is an algebraic subset of σX and its inverse image on X σ is Qinvariant ((p σ ) −1 Y is the set where j * W is not locally free). Therefore (1.8) shows that Y is empty, and so j * W is locally free. A similar argument applied to the support of the kernel of j * W → T (σX) shows that j * W is a locally free subsheaf of T (σX). The fact recalled above shows that it is algebraic. Similar arguments apply to each variety in the projective system σ X, and so we obtain an algebraic subbundle W ⊂ T (σ X) invariant under Q, and therefore under
for some I and, because G(A f ) acts transitively on the set of connected components of X an , this implies that
The condition that a subbundle of the tangent bundle to an algebraic variety be involutive is algebraic. Thus T I ( X σ ) is involutive.
Lemma 5.2. The foliation of U = Γ σ \ U defined by W = Γ σ \ W has a closed leaf.
Proof. The reader is invited to check for himself the proof of Kazhdan (Kazhdan 1983, p. 153-156) -essentially the leaves of the foliation are the equivalence classes for the relation defined in p. 153. Alternatively, it may be possible to give a proof along the following lines: as we observed above, there is a Q-equivariant map γ : U → P(H( X σ ) ∨ ); if we can pass to the quotient by Γ σ , we get a map U = Γ σ \ U → Γ σ \P(H( X σ ) ∨ ) whose fibres are the leaves of the foliation.
We now assume also the conditions (0.3b). Thus G = Res F/Q G ′ with G ′ absolutely simple and F totally real, and for some special point x ∈ X, the maximal torus T ⊂ G fixing x is of the form Res F/Q T ′ where T ′ splits over a quadratic imaginary extension L of F .
As T ′ L is split, we can write g
where R is the set of roots R(G
It is defined over F , and we let H ′ α be the corresponding connected subgroup of G ′ . Let H α = Res F/Q H ′ α -it is a reductive group of type A 1 and H ad α is Q-simple. Let X α be the orbit of x under the action of H α (R). Then X α is a Hermitian symmetric domain (possibly consisting of one element) with Aut( X α ) + = (H α (R)/{maximal compact normal subgroup}) + .
It follows from Deligne 1971, 1.15 , that the projective system of arithmetic varieties X α embeds into X. We assume Theorem 0.1 for the families X α ; in particular, X α is the family associated with a Q-group H σ α . Lemma 5.3. The tangent space T x ( X) is generated by the subspaces T x ( X α ). (Note, x is as defined above.)
Proof. Easy.
Lemma 5.4. Let x σ be any point of X σ such that x σ = g(σ x) for some g ∈ G(A f ), where x is the image of x (see above) in X. Then x σ ∈ U .
Proof. Otherwise Z ⊃ Q x σ ⊃ H σ α (Q) x σ , and so Z ⊃ X σ α for all α. This implies that dim Z = dim X σ , which contradicts an earlier statement.
Let J = {τ : F → R | G ′ τ is not compact}, where G ′ τ = G ⊗ F,τ R. Then J indexes the irreducible components of X, and we shall use it for this purpose rather than {1, . . . , s}. Thus I is now a subset of J. Let J α = {τ : F → R | H ′ α,τ is not compact}.
Lemma 5.5. Either J α ∩ I = ∅ or J α ⊂ I.
Proof. The set Z ∩ X σ α is stable under Q ∩ H α (A f ) = H α (Q)/Z α (Q) and so is either empty of all of X σ α . The last lemma shows that it is not equal to X σ α , and so we have that X σ α ⊂ U . From (4.1), (5.2), and (4.4), we know that W |σX α is 0 or T (σX α ) (recall that we are assuming σX α is arithmetic). Thus σ −1 W on X α is 0 or T (X α ). But (by 5.1), σ −1 W = T I (X) for some I ⊂ J. We conclude that I ⊃ J α (and σ −1 W |X α = T (X α )) or I ∩ J α = ∅ (and σ −1 W |X α = 0).
Note that it is not possible for I to contain all J α , for then I = J and the Bergmann metric is identically zero (cf. p. the first page of this section). On the other hand, if I ∩ J α = ∅, then I = ∅, W = 0, and we can apply (2.13) to complete the proof of (0.1).
Thus it remains to show that the hypothesis that I ∩ J α = ∅ for some, but not all, α leads to a contradiction. ′ . This is the contradiction that proves the theorem.
